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a  b  s  t  r  a  c  t

Thirty  years  since  their invention,  laser trackers  are  now  recognized  as the  measurement  tool  of  choice
in the manufacture  and  assembly  of  large  components.  The  general  design  of laser  trackers,  i.e.,  a ranging
unit  on  a two-axis  gimbal,  has not  changed  significantly  over the  years. However,  innovations  in ranging
technology,  for  example,  the  emergence  of increasingly  accurate  absolute  distance  meters  (ADMs),  are
providing  users  with  an  alternative  to interferometers  (IFMs).  Hand-held  accessories  such  as  touch  probes
and line  scanners  are  expanding  the scope  and  applicability  of  laser  trackers.  In this  paper,  we  survey
eywords:
aser tracker
arge-scale dimensional metrology
rror modeling
erformance evaluation

the  literature  in  all  areas  of  laser  trackers  as applied  to large-scale  dimensional  metrology  (LSDM),  with
emphasis  on  error  modeling,  measurement  uncertainty,  performance  evaluation  and  standardization.
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read the vertical angle. The encoders are not shown in Fig. 1.
A portion of the beam emerging from the source (laser-head)

is retained within the system as the reference beam for interfer-
ometric fringe counting. The measurement portion of the beam
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. Introduction

The laser tracker was invented in the mid-1980s by Lau et al.
1–3] at the National Institute of Standards and Technology (NIST)
o facilitate robot metrology. Laser trackers are portable coordi-
ate measuring systems (CMS) that measure the three-dimensional
oordinate position of a cooperative target such as a spherically
ounted retroreflector (SMR). The instrument records the distance

o the target along with two angles, providing position data in a
pherical coordinate system. Two closely related spherical coordi-
ate systems are a coherent laser radar based system [4] and the

aser tracer [5]. The coherent laser radar based system operates
ithout the need for a cooperative target and does not track the

arget. In that sense, it is more closely related to large volume ter-
estrial laser scanners and therefore not considered in this review.
he laser tracer does require a cooperative target and tracks the tar-
et in the same manner a tracker does. The laser tracer, however,
nly reports range to the target and not angles, and is intended to
e used in a multilateration scheme (see Section 3.3).

Much of the research and development activity during the
ast 30 years has been in the areas of absolute distance meter
esign, modeling of instrument error sources and estimation of
ncertainty, improving accuracy using multilateration, design and
esting of hand held accessories, and the development of perfor-

ance evaluation methods and standardization. These efforts have
remendously increased the scope and applicability of laser track-
rs. Today, laser trackers are the measurement tool of choice for

 multitude of applications (see Section 5). These include robot
etrology, manufacture and assembly of large components such

s aircraft wings and ship hulls, error mapping of coordinate mea-
uring machines (CMM)  and machine tools, providing reference
easurements for large volume laser scanners and distributed
etrology systems (such as indoor GPS), automotive panel assem-

ly using hand held accessories, and alignment of large optics
nd structures for astronomy and nuclear industry. In this paper,
e survey reported literature in all research areas of laser track-

rs as applied to large-scale dimensional metrology (LSDM), with
mphasis on error modeling, measurement uncertainty, perfor-
ance evaluation and standardization.
This paper is organized as follows. The principles of laser tracker

peration and the major sources of error are described in Sec-
ion 2. This section includes discussions on ranging technology,
pto-mechanical errors, geometrical error models, compensation
rocedures, targets, and hand-held accessories. In Section 3, we
ddress improvements to measurement accuracy through multi-
tation measurements such as bundle-adjustment procedures and
ultilateration. Performance evaluation tests, documentary and
aterial standards, traceability, and measurement uncertainty are

overed in Section 4. We  provide an overview of some of the appli-
ations in Section 5, followed by conclusions in Section 6.

. Principles of operation and error sources
A laser tracker is comprised of several key sub-systems: the
anging unit, the two-axis steering mechanism, the tracking
echanism, environmental sensors, and targets. We  describe the
 . . .  . .  . . . . .  . . . .  . . . .  . . .  . . .  . . .  .  .  . . .  . . . .  .  . . . . . . .  . . . . .  .  . . .  . . . . . .  .  . .  .  .  .  .  . . . .  . . .  . . . 26

sub-systems, associated error sources, geometrical error models,
and compensation procedures in this section.

2.1. Sub-systems

A laser tracker is an assembly of various mechanical and opti-
cal components. A schematic of one design of a tracker is shown
in Fig. 1. The instrument has two rotation axes – a standing axis
(vertical axis) and a transit axis (horizontal axis). In ideal geomet-
rical configuration, the two axes are orthogonal to each other and
intersect at a point that serves as the origin for the spherical coor-
dinate system defined by the tracker. The path of the laser beam
from the instrument to the target ideally intersects this origin and
is perpendicular to the transit axis. One angle encoder is mounted
coaxially with the standing axis to read the horizontal angle while
the second encoder is mounted coaxially with the transit axis to
Fig. 1. Construction of a laser tracker with a beam steering mirror (angle encoders
are  not shown in the figure) [Source: Sawyer et al. [10], reproduced with permission
from ASPE].
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s reflected off the steering (tracking) mirror, strikes the retro-
eflector and returns to the tracker. A portion of the return beam is
eflected to a position sensitive detector (PSD), while the remaining
ortion is directed to the fringe counter for range evaluation. Any
adial movement of the SMR  is detected by the range finder. Lateral
ovement of the SMR  results in an offset of the spot on the PSD. The

ontrol system then exercises the two rotational axes of the instru-
ent to re-center the spot on the PSD, thus continually tracking

he target and hence providing real time angular coordinates of the
arget.

While Fig. 1 shows the schematic of a tracker that uses a beam
teering mirror to direct the laser to the target, other designs of laser
rackers are also available. Some manufacturers produce trackers
hat have the source in the base but emit the laser from the head
hrough a fiber optic cable, while other manufacturers place the
aser source itself in the head. The beam steering mirror is no longer
ecessary in each of these cases. An overview of the technology and
ome applications can be found in Refs. [6–9].

.2. Ranging technology

Early versions of laser trackers, and even many manufactured
oday, are equipped with a He-Ne laser interferometer (IFM) for

easuring radial displacement. The laser beam is split into two
arts with one portion remaining within the instrument to act as
he reference. The other part, known as the measurement beam,
s steered to the target and is reflected back to the instrument.
he measurement beam is superimposed on the reference beam,
esulting in optical interference. This interference consists of bright
nd dark fringes, corresponding to constructive and destructive
nterference, respectively, between the two superimposed beams;

 photodetector then converts the intensity into an electrical sig-
al. As the path traversed by the measurement beam changes by a
istance corresponding to half of its wavelength (�/2), the optical

nterference alternates between bright and dark fringes. Thus, by
ounting the number of times the fringes are alternated (and by
nowing �), the displacement of the target can be calculated. IFMs
an only measure relative displacement. In order to determine the
bsolute distance of the target from the center of rotation of the
nstrument (the origin for the spherical coordinate system), manu-
acturers provide a reference point on the body of the instrument,
.e., a home position, that is located at a known distance from the
rigin.

The accuracy of interferometric length measurements largely
epends on the accuracy with which the wavelength of light can
e determined in the measurement environment. It is well known
hat temperature, pressure, relative humidity, and composition of
he air, affect refractive index [11–14] and, therefore, the wave-
ength of light in air. The ability of the environmental sensors to

onitor and compensate for these parameters is critical to achiev-
ng high accuracies. At NIST, we currently achieve an expanded
ncertainty (k = 2) of 1 �m + 0.24 × 10−6 L (where L is in units of
eters) on reference length measurements up to 60 m using an

nterferometer in our tape tunnel facility [15]; the length depend-
nt term is due to uncertainty associated with the refractive index
nd the constant term is associated with the mechanical setup of
he optics. Among the parameters that affect refractive index, tem-
erature is the most critical, contributing a relative displacement
rror of about 1 ppm/◦C. We  discuss environmental influence on
aser tracker measurements in Section 4.6. The accuracy of an IFM
ased length measurement on a laser tracker not only depends on
he environmental conditions but also on the stability of the home

osition. Manufacturers typically specify a maximum permissible
rror for this parameter, denoted R0 (zero-length or the home posi-
ion) along with an A + B × L (constant and length dependent) type
pecification for the IFM errors.
ngineering 44 (2016) 13–28 15

An advantage of He-Ne IFMs is the robustness of the system,
e.g., once the vacuum wavelength is metrologically verified it has
long term stability (on the order 1 × 10−7) [16]. Additionally, it has
an inherently short metrological traceability path since it is one of
the recommended radiations for the realization of the meter [17].
A disadvantage of IFM based trackers is the need to re-establish the
home position of the target in the event of a break in the beam;
this is because IFMs count the alternating light–dark fringes on the
photodetector as the SMR  is displaced and this count is lost if the
beam breaks. Because there are many measurement tasks where
it is a challenge to complete measurements without a break in the
beam, tracker manufacturers began introducing absolute distance
meters (ADMs) in addition to IFMs in their systems.

ADM systems typically determine distance to target by modu-
lating the amplitude, frequency, or polarization of a laser beam and
resolve distance to the target by phase measurements. Modulation
techniques for measuring distance were first realized by Froome
and Bradsell [18] in 1961. Thiel et al. [19] used continuous fre-
quency modulation (chirping) to achieve ADM ranging up to 40 m
with a relative uncertainty of 10−6. Payne et al. [20] describe an
amplitude modulated ADM with an accuracy of 50 �m for distances
up to 120 m.  Stone et al. [21] constructed a frequency modulated
ADM and provide a detailed analysis of the uncertainty sources.

Conceptually, an ADM can be constructed by sinusoidally mod-
ulating the amplitude of a laser diode beam at a precise frequency.
By comparing the phase of the return beam with a portion of the
beam emerging from the laser diode, the location of the retrore-
flector within one modulated wavelength – known as the fringe
fraction [22] – can be determined very accurately. (Note that one
wavelength of phase shift corresponds to one-half wavelength of
retroreflector displacement because the light is making a round trip
from the reflector.) Unfortunately, there are usually many multiples
of the modulated wavelengths between the laser and the reflector.
This “ambiguity interval” is commonly resolved either by including
additional modulation wavelengths or by continuously varying the
frequency of modulation.

The cumulative phase shift between the measurement and
reference arms of the interferometer is 4�nL/� where n is the
refractive index and L is the distance to the retroreflector minus
the reference arm length and the factor of 4� (instead of 2�)
is due to the round trip of the light. We  allow this cumulative
phase shift to take values much larger than 2� but recognize
that we cannot distinguish between repeating intervals of 2�.
If another measurement with a different modulation frequency
is made and we examine the difference in the two  cumulative
phases, 4�nL(1/�1 − 1/�2) = 4�nL(�2 − �1)/�1�2 = 4�nL/� where
� = �1�2/(�2 − �1). Recalling that the observed fringe fraction for
each wavelength is modulo 2�, let L0 be the value of L where the two
fringe fractions repeat. This requires the variable m = 2 n L0/�1 to be
an integer and similarly requires m (�2 − �1) = �2 due to the repeat
requirement. Hence, (2 n L0/�1) (�2 − �1) = �2 yielding n L0 = �/2.
The synthetic wavelength � is thus twice the optical path length
of the ambiguity interval of the two frequency measurements; this
synthetic wavelength can be made very large by choosing the two
frequencies to be close to each other. If the two frequencies are on
the order of 3 GHz and differ by 3 MHz  then � is 100 m and one-half
this amount determines the maximum range of the ADM. Phase dis-
crimination of the fringe fractions of around 10−3 determines the
particular ambiguity interval of a single modulated frequency and
then the fringe fraction of that frequency is used to obtain a more
finely resolved distance measurement. This method is capable of
achieving accuracies comparable to that of IFMs in typical mea-

suring environments. Since 2010, at NIST we have evaluated the
ranging capability of several commercial ADM trackers at standard
conditions (20 ◦C) and observed relative errors less than 5 × 10−7

over a distance of 3 m to 60 m.
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Table 1
Model parameters for trackers with a beam steering mirror.

Parameter Description Two-face sensitivity

O1x, O1y Beam offset No
Ix,  Iy Beam tilt No
O2x,  O2y Cover plate offset Yes
Ex,  Ey Horizontal angle encoder offset Yes
Kx,  Ky Vertical angle encoder offset Ky is sensitive, Kx is not
e  Transit offset Yes
f  Mirror offset No
i  Transit tilt Yes
6 B. Muralikrishnan et al. / Prec

There are many implementations of ADM technology addressing
easurement ranges from short distances (<1 m)  to very large

istances (>100 m).  Presently, for laser tracker applications, ADM
elative accuracy of ≤10−6 on static targets is sufficient enough so
t is not a binding accuracy constraint on the overall system; subse-
uently, other factors such as robustness, miniaturization, and cost
ecome driving parameters.

.3. Opto-mechanical errors

A number of geometrical and optical misalignments are possi-
le in a practical realization of a laser tracker. These misalignments
ontribute to systematic errors in the measured range and angles.
or example, non-orthogonality and non-intersection are error
ources associated with the axes. There could exist an offset in the
cale of the vertical angle encoder, that is, the zero does not coin-
ide with the instrument’s pole. Eccentricity of the rotational axes
nd angle-dependent scale errors are error sources associated with
he encoders. A misaligned laser source produces a beam path that
ould be tilted and offset from the ideal path. If the tracker has

 beam steering mirror, it is possible that the plane of the mirror
oes not contain the origin. The mirror itself may  possibly be tilted

n such a way as to direct the beam in a path other than the one
ntended. Incorrect calibration and drift of the R0 length are also
rrors. The vacuum as well as compensated wavelength of the inter-
erometer could be incorrectly calibrated. The ADM may  also have
ncharacterized error sources and time-dependent drifts, each con-
ributing to errors in range measurement. Any of the sources of
rror described here and other such sources results in systematic
rrors in the measured range and angles.

Given the similarity in construction between laser trackers and
heodolites, some sources of error are common to both instruments.
s a result, modeling of errors in laser trackers benefited from
xtensive past work on theodolite and total station error analysis
iterature. We  do not survey theodolite or total station literature
ere; we refer to Deumlich [23] for an overview of theodolite error
ources and models.

Lau et al. [3] describe early work in the area of laser tracker
rror modeling. In particular, they model the non-orthogonality of
he axes, zero error in the range, and beam misalignments which
hey note is the same as collimation error in surveying instruments.

ooring [24] and Zhuang et al. [25] identify errors associated with
he beam steering mirror as a significant problem and present a

odel of these error sources. Loser and Kyle [26] provide a geomet-
ical error model for a laser tracker with a beam steering mirror
hile Muralikrishnan et al. [27] extend this model for trackers
ithout a beam steering mirror. Lin and Lu [28] present a ray trac-

ng method to model a tracker while Conte et al. [29] describe a
inematic model using D-H notation.

Laser tracker measurements suffer from larger errors in the
easurement of angles than along the radial direction. Several

esearchers have attempted to model errors along the angular axes.
uyang et al. [30] use a CMM  to calibrate the angular axes, Gassner
nd Ruland [31] and Martin and Chetwynd [32] describe a method
o test the angular axes using a precision rotary table, Ginotis et al.
33] present a method for calibration of the vertical angle encoder of
pherical coordinate systems in general, Muralikrishnan et al. [34]
resent a method to determine scale errors in the angle encoders of
he laser tracker using an un-calibrated length artifact, Lewis et al.
35] use a network method for angle error estimation, and Nasr
t al. [36] compare the different methods.
.4. Geometrical error models

Understanding the impact of systematic sources of error allows
he construction of geometrical error models that can, in turn, be
c Mirror tilt Yes
j  Vertical index offset Yes

used to improve measurement accuracy. Here, we review geo-
metrical error models for two mechanical constructions of laser
trackers – those with a beam steering mirror, and those without.

It should be noted that many sources of error are sensitive to
front-face back-face (also known as two-face, front-sight back-
sight or plunge-reverse) measurements. That is, if a stationary
target is measured in the front-face of the tracker and again in
the back-face, the two  measurements yield slightly different coor-
dinate values; in the case of an ideal laser tracker construction,
the two  coordinate measurements should be identical. By measur-
ing several targets distributed in the work volume in both front-
and back-face, we  can estimate the magnitude of those sources of
error that are sensitive to two-face testing. Averaging front- and
back-face measurements will eliminate these systematic sources
of error; this tactic is commonly used to obtain higher accuracies
if required. Both Loser and Kyle [26] and Muralikrishnan et al. [27]
note that some of the terms in the model are sensitive to two-face
testing.

The geometrical model for a tracker with a beam steering mirror
as given by Loser and Kyle [26] is shown in Eqs. (1)–(3). The terms
are described in Table 1. In the model, Rm,  Hm, and Vm are the
measured range, horizontal angle, and vertical angle, respectively,
and Rc,  Hc,  and Vc are the corresponding corrected quantities. The
terms Hoff and Voff come from internally corrected PSD measure-
ments and provide a correction when measuring moving reflectors.
The vertical index offset j is directly applied when reading the angle
and therefore does not appear in the model.

Rc = Rm − 2 sin
(

Vm

2

)(
e cos

(
Vm

2

)
+ f

)
(1)

Hc = Hm +
(

1
sin Vm

)  (
Ix cos Hm − Iy sin Hm

+O1x cos Hm − O1y sin Hm + O2x + Hoff

Rm

)

−
i  sin

(
Vm
2

)
+ c

cos
(

Vm
2

) + Ey sin Hm − Ex cos Hm (2)

Vc = Vm − (Ix sin Hm + Iy cos Hm)

− O1x sin Hm + O1y cos Hm + O2y + Voff

Rm

− cos
(

Vm

2

)  ((
2

Rm

)  (
e cos

(
Vm

2

)
+ f

)
+ Kx

)

+ Ky sin
(

Vm

2

)
(3)
The model for trackers without a beam steering mirror as pre-
sented by Muralikrishnan et al. [27] is given by Eqs. (4)–(6). The
terms are described in Table 2. In the model, Rm, Hm, and Vm are the
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Table  2
Model parameters for trackers without a beam steering mirror.

Parameter Description Two-face sensitivity

x1t and x1m Beam offset Yes
x2 Transit offset Yes
x3 Vertical index offset Yes
x4t Beam tilt Yes
x5 Transit tilt Yes
x6x and x6y Horizontal angle encoder offset Yes
x7n and x7z Vertical angle encoder offset x7n is sensitive, x7z is

not
x8 Bird-bath error No
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x9 and x10 Second order scale errors in the
encoders

No

easured range, horizontal angle, and vertical angle, respectively,
nd Rc,  Hc,  and Vc are the corresponding corrected quantities.

c = Rm + x2 sin Vm + x8 (4)

c = Hm + x1t

Rm sin Vm
+ x4t

sin Vm
+ x5

tan Vm
+ x6x cos Hm

− x6y sin Hm + x9a sin(2Hm)  + x9b cos(2Hm)  (5)

c = Vm − x1m

Rm
+ x2 cos Vm

Rm
+ x3 + x7n cos Vm − x7z sin Vm

+ x10a sin(2Vm)  + x10b cos(2Vm)  (6)

.5. Compensation

Modern laser trackers routinely incorporate a geometrical error
odel whose parameters are estimated through a compensation

rocedure performed in-situ. These procedures depend on the
nderlying model itself and typically involve front-face back-face
easurements and sometimes, the use of a calibrated length. While

hese procedures are specific to the manufacturer, they share some
imilarities:

The constant and length dependent error parameters A and B of
the ADM are obtained by comparing the displacement recorded
by the ADM against an IFM over several target positions in its
range
The R0 parameter is determined through an inside–outside
(buck-in buck-out) test. Two nests are placed on stands a few
meters apart. The tracker is placed in line but outside the nests.
The tracker’s IFM is used to calibrate the inter-nest distance.
The tracker is then moved in line and inside the nests and the
inter-nest distance is measured using the IFM. Half the difference
between these two measurements is assigned as the R0 error.
Several model parameters such as squareness error and beam
pointing error (beam tilt) are sensitive to front-face back-face
testing. Compensation procedures therefore call for measuring
targets located at different heights, azimuths, and distances in
front-face and again in back-face. Model parameters are then
evaluated by fitting the geometrical model to the observed front-
face back-face differences.
Parameters not captured from front-face back-face tests are
determined using measurements made on calibrated artifacts.
Loser and Kyle [26] describe a compensation procedure for one
esign of a laser tracker. Sawyer and Fronczek [10] discuss a method
ased on the measurement of calibrated lengths while Hughes et al.
37] describe a network based method for parameter estimation.
ngineering 44 (2016) 13–28 17

2.6. Targets

Laser trackers require a cooperative target to return the beam
back to the instrument. Targets used are typically corner-cube
reflectors and cat’s eye reflectors. Steffey [38] provides an overview
of the different targets used and a description of associated
error sources. Corner-cube reflectors mounted in a hollow sphere,
referred to as spherically mounted retro-reflectors (SMRs), are per-
haps the most commonly used reflectors in practice (Fig. 2(a)).
These corner-cube reflectors are either constructed of a single piece
of solid glass or made of individual glass panels, Fuss et al. [39]
discuss the manufacture of SMRs. In both cases, SMRs suffer from
three types of error sources: vertex centering error, dihedral-angle
error, and polarization error. Vertex centering error is the distance
between the optical center and the mechanical center of the SMR;
the centering error can be both radial and lateral with respect to the
incident laser beam. Centering accuracies are as small as ±2.5 �m
in some commercial SMRs currently available. In an ideal SMR, the
angle between any two  of the three mirror faces is exactly 90◦. In
reality, these angles may  differ by a few arc-seconds, which is the
dihedral angle error, resulting in the reflected beam returning in
a direction that is not parallel to the incident beam. The dihedral
angle errors on some commercially available targets are as small
as 1 arcsecond. Large reflectors have panels that are matched for
polarization. If there is polarization mismatch, the interferomet-
ric pattern may not be created properly. These error sources are
described in Refs. [40,41].

While solid glass reflectors suffer from vertex centering and
dihedral angle errors, they also suffer from a pointing error due
to an apparent shift in the apex position and a range error due to
refraction of the beam within the solid glass prism [8]. The solid
glass SMRs, however, have a larger acceptance angle, ±40◦, in com-
parison to the ±25◦ acceptance angle of open-air reflectors. Ouyang
et al. [43] study the influence of incident angle on measuring accu-
racy, noting that while corner-cube reflectors may function for
incident angles up to ±35◦, it is necessary to maintain the incident
angle within ±20◦ to satisfy laser tracker manufacturer specifica-
tions. The spherical form of the housing of high quality SMRs is
generally on the order of 1 �m or better (based on NIST internal
measurements on 20 commercial SMRs); however, form deterio-
rates rapidly near the lip. Care must therefore be taken to ensure
that the SMR  contacts the object being measured at a location away
from its lip during a measurement.

While dynamic measurements are generally performed with the
operator holding the SMR  in his hand, static measurements are per-
formed with the SMR  mounted stably on a magnetic nest. There
are also several SMR  adaptors commercially available that allow
the measurement of hole location, axis of a hole, edges, etc. A hole
offset adaptor, shown in Fig. 2(e), consists of a magnetic nest to
hold the SMR  and a shank that is inserted into a hole. The offset
distance between the center of the SMR  and the top surface of the
hole is specified by the manufacturer. Whereas an SMR  by itself
might not be suitable for measurement of a hole location, adap-
tors allow such measurements to be performed thus extending the
scope and applicability of laser tracker measurements.

One of the challenges of using an SMR  in a measurement task
is the need to always point it towards the tracker. An active tar-
get employs a standard SMR  mounted on a two-axis motorized
unit that automatically orients itself to point at the tracker at all
times. This automatic reorientation is particularly convenient for
certain automated tasks such as machine tool error mapping where
it can be extremely time-consuming to manually re-orient the tar-

get towards the tracker during a measurement [44]. Other targets,
referred to as repeatability targets (Fig. 2(b)) consist of corner-
cubes that are not mounted in a hollow sphere, i.e., are not SMRs. As
the name implies, these targets are used to assess the repeatability
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ig. 2. (a) A corner-cube SMR, (b) repeatability targets, (c) a cat’s eye reflector, (d)
42], Meas Sci Technol. 1999;10(7):N87-N90, ©IOP Publishing. Reproduced with per

n tracker measurements or to measure the fixed coordinates of a
tructure; they are not intended for measurements requiring move-
ent of the corner-cube over the workpiece.
A cat’s eye reflector is a passive optical system consisting of a

econdary mirror placed at the focal point of a primary lens [45]. In
ractice, the cat’s eye consists of two glass hemispheres of different
adii r1 and r2, where r1 = (n − 1)r2, and n is the refractive index of
lass (Fig. 2(c) and (d)). If the refractive index of the glass is not equal
o 2, the spheres have different radii, as shown in Fig. 2(d). In that
ase, the hemisphere on the front has a smaller radius and focuses
he incoming parallel beam from the tracker onto the surface of the
arger rear hemisphere. The outer surface of the rear hemisphere
as a reflective coating that reflects the beam back on a path parallel
o the incident beam prior to entering the target. If the refractive
ndex of glass is 2, then the radii of the two hemispheres are equal;
n other words, a single sphere of refractive index 2, is by itself, the
arget as shown in Fig. 2(d). One complication of the n = 2 sphere is
hat less than 10% of the incident laser power striking the sphere is
eturned; in contrast, a Cat’s eye returns the majority of the power
ecause of its mirrored coating. Cat’s eye targets can provide an
cceptance angle of up to 120◦, which is two times larger than the
cceptance angle of a standard SMR. The design of the cat’s eye
eflector, optical aberrations, and improvements are discussed in
efs. [42,46–50].

.7. Hand held accessories

There are several applications that involve the measurement of
mall features located in large structures; in these applications, a
tylus, similar to those used on CMMs,  is attached to a hand-held
nit and is often a preferable alternative to an SMR. Early designs
f such hand-held accessories involved reflecting the laser off of a
late to a corner cube that is attached to the plate and located at a
irtual point, which is an equal distance from the plane of reflec-

ion as the probe tip. When the laser is locked onto the SMR, the
robe tip is aligned along the radial direction (Fig. 3). Misalignment
rrors in the retro-probe are discussed by Liu et al. [51]. Parker [52]
urveys retroreflector designs and propose a novel multidirectional
ture of a conventional (n /= 2) and n = 2 cat’s eye reflector [Source: Takatsuji et al.
n. All rights reserved], (e) offset adaptor for hole location measurement.

reflector with a virtual point that can be used for measuring points
that are hidden from the tracker’s line of sight.

Hand-held accessories are increasingly becoming more sophis-
ticated. Today, the hand-held unit typically contains a retro-
reflector whose apex represents the position of the unit with
respect to the laser tracker. The orientation of the unit, determined
by the measurement of three angles, along with known probe offset
information (probe to SMR  apex distance) is then used to deter-
mine the coordinates of the probe tip relative to the laser tracker.
These hand-held units can also incorporate a laser scanner, not just
a touch probe, to facilitate higher data density.

One design of the hand-held unit contains a cluster of LEDs
around an SMR. A camera mounted in the laser tracker captures
images of these LEDs. The flashing rate of the individual LEDs can
be used to uniquely identify them and hence determine the rel-
ative orientation of the hand-held unit. The schematic for such a
concept is shown in Fig. 4(a) [53]. Another design of the hand-held
unit contains a small aperture at the apex of the SMR, thus allowing
some portion of the beam to pass through to a CCD array behind
the SMR. The position of the spot on the CCD allows the determina-
tion of pitch and yaw. Roll is determined using an inclinometer [44].
More recently, Gordon et al. [54] have reported on a touchless pixel
probe laser tracker accessory (Fig. 4(b)) as a means of performing
non-contact measurements on hard to reach or fragile surfaces. A
single pixel in each of three cameras is linked to the laser tracker.
The three pixels define a point in space. The orientation of the unit
itself is determined though several SMRs mounted on its base.

These hand-held accessories greatly increase the scope and
applicability of laser trackers. Hand-held accessories and 6DOF
measurements are ongoing areas of research. Kyle [53,55,56]
describes recent work in these areas.

3. Multi-station measurements
As mentioned in Section 2, laser tracker measurements suffer
from larger errors associated with the rotational axes than along
the radial direction. This is a fundamental limitation of measure-
ments made using a single laser tracker. To improve measurement
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ig. 3. (a) A retro-probe [Source: Liu et al. [51], reproduced with permission from C
hat  allow for simultaneous tracking of the hand-held unit from two  different track

ccuracy, measurements from multiple station locations are some-
imes combined to obtain more reliable estimates of target
oordinates. Such ‘averaging’ or ‘sensor-fusion’ methods are the
ocus of this section.

.1. Bundle adjustment

Consider a collection of n targets distributed and fixed in space.
et us suppose that these targets are measured from a set of m
racker positions; these measurements can be achieved by m track-
rs or sequentially by a single tracker from m positions. Each tracker
easures the coordinates (x, y, z) of each of the n targets, producing

 sets of n-triplets. It is desirable to combine measurements from
he m coordinate systems (each corresponding to a tracker posi-
ion) into a single set of coordinates for the n targets, in a common
oordinate frame. Such a frame could be attached to the part or to
ne of the trackers.

A  simplistic approach to this problem involves determining
uitable rotation and translation matrices that can transform the
ata from each of the m tracker positions onto to the coordinate
rame of one tracker position. This coordinate transformation can
e achieved via least-squares fitting procedures. Fig. 5(a) and (b)

epict, respectively, the measurement of a set of 4 targets from 2
racker positions, and the rigid body transformation to rotate and
ranslate the measurements from position 2 to the coordinate sys-
em of position 1. Because the combined measurements average

ig. 4. (a) Hand-held accessory containing several LEDs is shown [Source: Kyle [53], repro
a  video theodolite is shown in the figure instead of a tracker) monitors the LEDs to deter
 Optics Letters], (b) hidden point probe with two plane mirrors and two reflectors
urce: Parker [52], reproduced with permission from Elsevier].

over the systematic errors from both tracker positions, the result is
generally more accurate than the same number of repeated mea-
surements from a single tracker.

While rigid body transforms are ‘averaging’ methods for eval-
uating target coordinates, ‘sensor-fusion’ or ‘bundle-adjustment’
methods are somewhat more complex. Bundle adjustment is
a standard photogrammetric technique; Calkins [57] discusses
its application in LSDM. This technique involves estimating the
optimal tracker and target positions through a least squares mini-
mization procedure. This is done by adjusting the position of the
trackers and targets until the sum of the squared residuals is
minimized. Fig. 5(c) shows the residuals for a tracker along the
horizontal angle and ranging direction (residuals along vertical
angle direction are not shown, but are typically included in the
minimization procedure). These residuals are determined from cur-
rent estimates for tracker and target locations. Similar residuals
are estimated for each target-tracker pair. The bundle-adjustment
algorithm then perturbs the tracker and target locations to evaluate
the next set of estimates for target and tracker locations. This pro-
cess is repeated until the sum of squared residuals is minimized.
Bundle adjustment methods typically use weights to reduce the
influence of errors associated with angle measurements, as dis-

cussed by Sandwidth and Predmore [58] in the context of laser
tracker measurements. In the limiting case of assigning zero weight
for angle measurements, the bundle adjust solution converges to
the multilateration solution; multilateration is discussed in the

duced with permission from Stephen Kyle and CMSC]. A camera on the laser tracker
mine the orientation of the unit, (b) pixel probe [Source: Josh Gordon, NIST].
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Fig. 5. (a) Two laser trackers measuring a set of 4 targets, (b) transforming the coordinat
for  a planar case for bundle-adjustment [Source: all parts are original illustration by auth
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ig. 6. (a) Trilateration and (b) multilateration with four trackers [Source: both parts
re  original illustration by authors].

ext section. Dynamic weighting, different merit functions, and
ccounting for uncertainty ellipsoids, are discussed in Refs. [59–62].

.2. Multilateration

While bundle adjustment uses range and angle information
rom multiple station positions, it is possible to obtain coordinates
ith high accuracy using only range information from each station.

he theoretical framework for this is well-established. The tech-
ique is referred to as trilateration when three stations are used or,
ore generally, multilateration. In the simple case of trilateration

Fig. 6(a)), the tracker positions are assumed to be known relative
o each other. Without loss of generality, one of the trackers can
e assumed to be at the origin of the coordinate system. The posi-
ion of a second tracker defines the x axis, i.e., the second tracker
s located at a known distance X2 on that axis. The third tracker is
ssumed to be at a known coordinate on the xy plane, (X3, Y3). The
oordinate (x, y, z) of the target P can then be determined from the
ollowing system of three equations

2 + y2 + z2 = d2
1 (7)

x − X2)2 + y2 + z2 = d2
2 (8)

x − X3)2 + (y − Y3)2 + z2 = d2
3 (9)

The previous equations consist of three knowns: d1, d2, and d3,
hich are the three measured ranges from each of the trackers. It is

enerally not feasible to calibrate tracker locations relative to each
ther. The addition of a 4th tracker along with more target locations
esults in more known parameters than unknown parameters, thus
llowing for simultaneous determination of target and tracker pos-
tions. In Fig. 6(b), there are 6 unknown parameters associated with

he position of the 4 trackers and 3 unknown parameters associated
ith each target Pi. There are 4 known distances associated with

ach target Pi (one known distance from the target to each of the 4
rackers). If there are 6 targets, there are 24 unknown parameters
es from position 2 to position 1 via rigid body transformation, (c) residuals shown
ors].

and 24 known parameters. Thus the coordinates of the 6 targets can
be determined along with the coordinates of the trackers. This self-
calibration, i.e., the ability to determine tracker locations thereby
establishing the metrology frame in-situ, is key to realizing mul-
tilateration in practice. The use of more than 6 targets (with 4
trackers) provides redundancy, thus improving the accuracy in the
detection of target coordinates.

Early work in the area of coordinate metrology using length
measurements was reported by Nakamura et al. [63]. The authors
use a two-beam tracking interferometer for in-plane measure-
ments where the distance between stations has been calibrated
previously. Nakamura and Goto [64,65] expand on this work by
incorporating three and four beam laser interferometry to deter-
mine 3D coordinates of a small travel stage; it should be noted,
however, that this work does not use tracking interferometry.
Rather, the beam directions are fixed. Fixed beam directions are
feasible because the stage motions are small in comparison to beam
width. The direction vectors of the beam along with target position
are determined simultaneously in a self-calibrating manner. Takat-
suji et al. [66] describe the first measurement of a 3D coordinate
using four laser tracker stations to simultaneously determine tar-
get and tracker locations in a self-calibrating scheme. Takatsuji et al.
[67,68] provide a set of four equations to solve the multilateration
problem:

x2 + y2 + z2 = d2
1 (10)

(x − X2)2 + y2 + z2 = d2
2 (11)

(x − X3)2 + (y − Y3)2 + z2 = d2
3 (12)

(x − X4)2 + (y − Y4)2 + (z − Z4)2 = d2
4 (13)

Substituting Eq. (10) into Eqs. (11)–(13), we get

−2

⎡
⎢⎣

X2 0 0

X3 Y3 0

X4 Y4 Z4

⎤
⎥⎦

⎡
⎣

x

y

z

⎤
⎦ =

⎡
⎢⎣

d2
2 − d2

1 − X2
2

d2
3 − d2

1 − X2
3 − Y2

3

d2
4 − d2

1 − X2
4 − Y2

4 − Z2
4

⎤
⎥⎦ (14)

Takatsuji et al. [67,68] show that Z4 cannot be zero for the exist-
ence of the inverse of the coefficient matrix on the left hand side
of Eq. (14). That is, for the multilateration problem to be solved, a
fourth laser tracker must not occupy the plane defined by the other
three trackers.

While uncertainty in an individual laser tracker’s range mea-
surements may  be small, i.e., on the order of a few micrometers,

the uncertainty in a measured point coordinate can be considerably
large in some instances. The increased uncertainty can be a result
of non-optimal measurement geometry; a 2D example is presented
in Fig. 7(a). Consider two trackers T1 and T2 located at a known
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ig. 7. (a) Region of uncertainty for three targets [Source: original illustration by auth
olume  M enclosed by the trackers [Source: Takatsuji et al. [69], Meas Sci Technol. 2

istance d from each other. Let us suppose that there is some uncer-
ainty in the range measurements to each of three targets from the
wo trackers. That uncertainty is shown as an annular region cen-
ered on the nominal target position. The region of overlap between
he annuli from the two trackers is the region of uncertainty in
he target coordinate. The two annuli for target A intersect in such

 manner as to provide a small uncertainty zone. In the case of
argets B and C, the ranging axes of the trackers are parallel or
early parallel, resulting in the two annuli intersecting to produce

 large uncertainty zone. For the case of 3D multilateration mea-
urements, Takatsuji et al. [69] show that the measurement error is
mallest when the trackers are placed in a tetrahedral arrangement
nd the targets are enclosed by the trackers, see Fig. 7(b). While
ig. 7(a) provides a qualitative picture of the importance of geom-
try on errors, Zhang et al. [70] provide a quantitative formulation
or measurement error � as a product of a magnification factor k
nd the uncertainty in range measurement � l, where the factor k is
elated only to geometry of the measurement. This effect arises
n numerous metrology situations, in Global Positioning System
GPS) measurements it is known as Geometric Dilution of Precision
GDOP) [71]. Much of the research on multilateration is focussed on
nderstanding and optimizing the geometry of the problem and in
uantifying errors in the measured coordinates [72–76].

.3. The laser tracer and other tracking interferometers

While a laser tracker can be used in a multilateration scheme
o determine coordinates of points in space, error motions associ-
ted with the rotational axes within the instrument can impact
he accuracy of range measurements. In order to address this
ssue, researchers at the National Physical Laboratory (NPL) and the
hysikalisch-Technische Bundesanstalt (PTB) designed the laser
racer [5,77] (see Fig. 8). The laser tracer consists of a high qual-
ty sphere within a dedicated optical arrangement that allows the

phere center to serve as the reference for all interferometry mea-
urements. Muralikrishnan et al. [78] compare the radial error
otions of a laser tracer and three different laser trackers and

how that the radial error motions of the laser tracer are in fact

Fig. 8. Schematic of the laser tracer [Source: H
b) an equilateral-tetrahedron arrangement of trackers (1–4) with the measurement
(5):477-483, ©IOP Publishing. Reproduced with permission. All rights reserved].

smaller than those of trackers. The laser tracer only reports range,
not angles, and can therefore only be used in a multilateration
mode. Other researchers have also noted that early laser trackers
were bulky and not sufficiently accurate to perform multilateration,
and have therefore developed their own  tracking interferometers
[79,80].

3.4. Applications of multilateration in LSDM

The 21 parametric errors of a CMM  have historically been
estimated using traditional (fixed) laser interferometry and/or cal-
ibrated artifacts such as step gages, ball plates, etc. Wendt et al.
[81] first reported the use of laser trackers in a multilateration
scheme for CMM  error mapping. In that article, the authors use
a single tracking station that is moved sequentially to multiple
positions on the table. The technique relies on the repeatable posi-
tioning of the reflector at the same points in space between one
tracking station location to the next. The use of single and/or mul-
tiple stations for CMM  error mapping has since been explored by
others [77,82–84]. Multilateration has also been used for error
mapping numerically controlled (NC) machine tools [85–88] and
more recently, to determine parameters of articulating arm coor-
dinate measuring machines (AACMMs) [89].

4. Performance evaluation, standards, traceability, and
uncertainty

With general acceptance and use of laser trackers in industry in
the late 1990s and early 2000s, the need for establishing standard-
ized performance testing protocols became evident. Ruland [90]
describes a series of performance tests on a laser tracker as early as
1992. In a report to the Coordinate Metrology Systems Conference
(CMSC) in 1996, Caskey et al. [91] address the issues of traceabil-
ity and measurement uncertainty of laser tracker measurements,

and how these topics relate to standards development. It was real-
ized early on that the testing philosophy of a laser tracker will be
similar to that of CMMs  to the extent that reference lengths can
be measured in different portions of the work volume to assess

einrich Schwenke, Etalon AG, Germany].
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ig. 9. ASME B89.4.19 tests. (a) Horizontal length test, (b) vertical length test, (c)
89.4.19-2006 [40], by permission of The American Society of Mechanical Engineer

he performance of the instrument. However, unlike a Cartesian
MM  with 21 parametric errors, the construction of the tracker
nd, therefore, the nature of the error sources are different. The
erformance of the radial axis of the laser tracker is independent
f the mechanical behavior of the instrument and therefore can be
ested separately. It was discussed in Section 2.3 that the angular
xes are the primary contributors to volumetric errors; therefore,
est procedures to assess volumetric performance should be sensi-
ive to these error sources. Early calls for standardization by Clarke
t al. [92,93] and Sawyer et al. [94] recognize the importance of
esting a laser tracker along directions that are sensitive to the dif-
erent error sources. While Clarke et al. [92,93] use a scale bar for
erformance testing, Sawyer et al. [94] propose the use of a laser rail
ystem. Regardless of how the reference lengths are realized, the
se of calibrated lengths in different portions of the work volume is
lso the general philosophy of the test procedures in published and
raft standards [40,95,96]. We  briefly describe these performance
tandards and other related topics, such as scale bar development
nd traceability, next.

.1. ASME B89.4.19

There are three broad classes of tests in the ASME B89.4.19 [40]:
anging performance tests, two-face tests, and volumetric length
ests. There are 35 different combinations of calibrated artifact pos-
tions and laser tracker orientations in the volumetric tests and 12
ifferent combinations of target location and laser tracker orien-
ation for the two-face tests; each of these test setups have three
epeated measurements performed. Additionally, there are five cal-
brated lengths measured in the ranging test. Two-face tests and
olumetric length tests are designed to assess the performance of

he angular axes. The standard only describes the test positions and
rientations; users are allowed to realize the tests in different ways.
ig. 9 provides a schematic for performing some volumetric tests;
n particular, the horizontal length test, the vertical length test, the

ig. 10. Asymmetrical and other sensitive tests proposed by Muralikrishnan et al. [101]. 

ertical length, and (d) horizontal length above the tracker [Source: all parts are original i
iagonal length test, and (d) ranging tests [Source: All parts reprinted from ASME
ights reserved].

left diagonal length test, and the different ranging length tests are
shown. Sawyer et al. [94], Estler et al. [97], and Muralikrishnan et al.
[98] describe the implementation of the ASME B89.4.19 tests using
the laser rail system, Ma  et al. [99] describe a laser plane, and Nasr
et al. [100] describe the use of a scale bar artifact.

While many of the tests described within the ASME B89.4.19 are
sensitive to the different sources of geometrical error within laser
trackers, Muralikrishnan et al. [27] identify redundant test pos-
itions and document systematic errors that were not adequately
evaluated, and propose additional tests for increased sensitivity
to all error sources. In particular, they point out the benefits of
using asymmetric test positions such as the asymmetric horizon-
tal length, asymmetric vertical length, asymmetric diagonal length,
and a horizontal length positioned above the tracker, as shown in
Fig. 10.

4.2. VDI/VDE 2617-10

The VDI/VDE 2617-10 [95] includes a probe size test, a probe
form test, and volumetric length tests. The probe size and form
tests are performed by measuring several points on a sphere of
calibrated size and form. The volumetric length tests are first per-
formed by placing the tracker in front of a rectangular volume of
10 m × 6 m × 3 m (recommended size). A total of 96 lengths are
measured in this volume. The tracker is then moved inside the
volume and 9 additional lengths are measured, for a total of 105
lengths. The tracker and the measurement volume are shown in
Fig. 11(a). A convenient way  to create the testing positions is by
projecting the lengths onto a plane and repositioning the tracker
as shown in Fig. 11(b).
4.3. Draft ISO 10360-10

The draft ISO 10360-10 [96] includes probe size, probe form,
probe location, and volumetric length tests. The probe size and

(a) Asymmetric horizontal length, (b) asymmetric diagonal length, (c) asymmetric
llustration by authors].
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ig. 11. VDI/VDE 2617-10 tests [95]. (a) Measurement volume showing the tracke
rientations are projected on to a plane. The tracker locations are shown in the figu
ermission of the Verein Deutscher Ingenieure e.V].

orm tests are performed by measuring 25 points on a sphere of
alibrated size and form and evaluating these two  measurands. The
robe location tests are two-face tests on fixed targets. The volu-
etric length tests are comprised of two sections – core tests and

ser-defined tests. There are 41 core tests designed to be sensitive
o all known systematic error sources in various tracker designs.
he remaining 64 tests are user-defined. There are two default
ptions for these 64 tests – one set is drawn from the ASME B89.4.19
hile the other set is drawn from the VDI/VDE 2617-10. The user is

lso free to choose their own set of 64 user-defined tests. Mura-
ikrishnan et al. [101] present an assessment of the merits and

eaknesses of both the ASME B89.4.19 and the VDI/VDE 2617-10
nd a description of the test procedures in the draft ISO 10360-10.

.4. Scale bar

Although there is extensive history in the development and cal-
bration of ball-bars for CMM  testing [102–107], the design of scale
ars for testing of laser trackers proved to be much more chal-

enging because of their long length and problems associated with
echanical and thermal stability. Phillips et al. [104,107] highlight

esirable properties of free standing ball bars and a high-accuracy
aser-based ball bar system for large CMMs.  Sawyer et al. [108]
resent a model for change in length of a scale bar due to gravity

nduced loading. Since the length of the scale bar may  vary between
he calibration and eventual use, they are generally calibrated in-
itu using the IFM of a laser tracker. Hudlemeyer et al. [109] describe
he design of one such scale bar and Lee et al. [110] report on a pro-
edure for interim checking of laser trackers using the same bar. The
se of calibrated ball-bars that are manually probed with an SMR
an be particularly problematic due to the asymmetrical axial and
ransverse stiffness of the bar resulting in significant length errors
s reported by Phillips (in Chapter 9, Hocken and Pereira [9]).

.5. Metrological traceability

In the previous sections, we discussed published and proposed
ocumentary standards for performance testing of laser trackers.
e discuss here how the results from these tests relate to estab-

ishing traceability of laser tracker measurements. According to the
nternational vocabulary on metrology (VIM), metrological trace-
bility is the property of a measurement result whereby the result
an be related to a reference through a documented unbroken chain
f calibrations, each contributing to the measurement uncertainty
111]. The laser tracker is a complex assembly of sub-systems each

ith their own set of systematic errors. While it may  be possible to

ndividually calibrate sub-systems, establishing traceability of the
ntire assembly is not straightforward. Caskey et al. [91] note the
ollowing:
 different length positions and orientations, (b) the different length positions and
ealize the different test positions [Source: VDI/VDE 2617-10, Reproduced with the

“it is possible to individually calibrate the laser interferome-
ter, establishing conformance to the SI basic unit of length at
a given level of uncertainty. Similarly, the rotary axis angular
encoders can be calibrated, using an artifact. . .However, this is
not sufficient to constitute traceability of the laser tracker itself”.

Metrological traceability involves a series of documentary and
technical requirements [112]. While the documentary activities,
such as providing calibration certificates as evidence of a traceabil-
ity chain are straightforward, the technical activity of providing
task specific measurement uncertainty for the particular measur-
and under evaluation is complex and discussed in Section 4.7. If
a laser tracker, as a system, can be evaluated through a suite of
performance tests, e.g., national or international standards that are
sensitive to all of its error sources, those test results can be used
to estimate the point coordinate uncertainty. The performance test
protocol and resulting values are part of the documentary evidence
in the traceability chain. The topic of measurement traceability is
addressed by Swyt et al. [113] and Phillips et al. [114].

4.6. Dynamic measurements, time, and temperature

All of the test procedures and documentary standards described
earlier only assess the performance of a laser tracker in its static
mode of operation. Laser trackers can however also measure in a
dynamic mode, i.e., providing the coordinates of a target in motion.
In fact, many applications (such as robot performance evaluation)
require the use of a tracker in its dynamic mode. Test procedures
such as using a target in a linear stage or on a rotary table are
described by Lau et al. [44] and Morse et al. [115]. These proce-
dures are still under research and discussion, and not yet under
the consideration of standards committees. Dynamic weighting
models to improve performance have been reported by Liu at al.
[116].

Laser tracker performance is affected by the temperature in the
environment. While the assumption that light travels in straight
lines and at constant speed may  be valid in a controlled laboratory
environment, it is not necessarily valid in a shop floor environ-
ment or outdoors where laser trackers are often used. Estler et al.
[7] point out that there are three important effects to consider –
bending of light due to gradients in index of refraction, variation in
speed of light, and turbulence caused by time dependent variations
in refractive index. They note that a 1 K/m gradient in temperature
normal to (and continuous over) the beam path will result in the
laser beam deviating from the straight line by 50 �m over 10 m of
travel. The ASME B89.4.19 also discusses the effect of beam retarda-

tion and refraction; Appendix E of the standard presents equations
to quantify the errors in the radial and transverse directions due to
air temperature effects. In particular, the ASME standard describes
a thermal gradient that varies along the beam path illustrating the
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otential errors of a localized heat source, especially one located
ear the tracker causing an especially long lever arm to magnify
he refraction effects. While laser tracker measurements can in
rinciple be corrected for temperature gradients through numer-
us thermistors distributed in the work volume, it is rarely done so
n practice because of the complexity involved. Temperature gradi-
nts in the work volume are perhaps one of the limiting constraints
n the achievable accuracy of laser trackers today. Sandwith [117]
eports on improvements in performance by compensating the
racker on the shop floor while Ouyang et al. [118] study stability
f the tracker as a function of time and temperature.

.7. Uncertainty

A tracker that satisfies a suite of performance verification tests
uch as the ASME B89.4.19 is considered to be ‘in conformance,’ i.e.,
he tracker can be reasonably expected to meet the manufacturer’s
pecification for any measurement within its rated conditions. The
esults of the test procedure (typically point-to-point length) do not
irectly provide the user with a measurement uncertainty for the
pecific measurement being performed. The manufacturer’s spec-
fications may  be considered as an upper limit on the uncertainty
f point-to-point length measurements such as those described in

 documentary standard. The determination of the uncertainty for
 specific measurement task such as diameter of a cylinder bore,
r profile of a free form surface, is a much more complicated prob-
em. All influence factors must be identified and the contribution
rom each source combined as described in the GUM [119]. This
an be a challenging and time consuming activity. The general
pproach involves determining the point coordinate uncertain-
ies and then propagating those uncertainties into the evaluated

easurand. Propagating uncertainty involves knowing the point
ampling strategy (number and location of the measured points
n the workpiece) and how the points are used to compute the
pecific result. Monte Carlo methods may  be used to numerically
stimate the point coordinate uncertainty (which can be extracted
rom performance test results of standard tests), which are then
ropagated into the combined and expanded uncertainty of the
pecific measurand [120–122]. Baldwin et al. [123] present this
alculation for CMMs  using standardized test results. Forbes et al.
124–126] present a mathematical formulation for calculating the
ncertainty in laser tracker measurements based on a simple model
f random and systematic errors associated with a measurement.
he estimates for the uncertainty in point coordinates are described
s explicit functions of the random and systematic effects and the
ncertainties are propagated. The variance matrix is shown high-

ighting the correlation between variables. Huo [127] et al. and
eggs [128] describe virtual technologies for uncertainty estima-
ion; such virtual instruments contain an underlying model along
ith an uncertainty engine that uses Monte Carlo methods for esti-
ating measurement uncertainty.
Another approach for estimating measurement uncertainty is

uggested by Calkins [57] and involves combining measurements
rom multiple tracker positions. In this approach, redundant data
re used to extract some measure of the variability associated with
he entire system: the tracker, operators, environment, etc. Fig. 5(c)
hows a target measured by three tracker stations. The bundle
djustment procedure optimizes the target and tracker positions
o minimize the residuals (shown in Fig. 5 as �h  and �r). The
esiduals after bundle adjustment then provide a measure of the
ncertainty in the point coordinate. The mathematical formulation

or combining measurements from multiple stations is described
y Forbes [126,129]. The estimation of uncertainty for point coor-
inates collected in dynamic mode is a far more complex problem
nd has been addressed by Ulrich et al. [130,131].
Fig. 12. Laser tracker monitoring robot position and pose [Source: Lau [3] et al.,
reproduced with permission from Elsevier].

5. Applications

Over the last 30 years and, in particular, the last decade, laser
trackers have been increasingly used in a wide range of manufactur-
ing and assembly applications. We provide a sample of references
that highlight the breadth and complexity of these applications.

5.1. Robot metrology

The driving force behind the development of the laser tracker
was the need to “device methodologies, instruments, and standard
test procedures for characterizing the accuracy, repeatability and
dynamic performance of robots” [2]. Fig. 12 shows the schematic
of a laser tracking interferometer reported by Lau et al. [3]. Indus-
trial robots are repeatable but suffer from poor absolute accuracy.
Their repeatability, however, allows for the calibration of end-
effector errors using external metrology systems such as the laser
tracker. While previously, multiple laser tracker measurements
were required to obtain pose of the end-effector, a significant recent
development is the use of commercially available 6-dof systems
(such as those based on the concepts described in Section 2.7)
to directly monitor position and pose [132,133]. In fact, the use
of 6-dof systems allows for continuous monitoring of the robot
even during manufacturing and assembly when thermal variations,
loading forces, etc., can cause significant deviations to end-effector
position and orientation.

5.2. CMM, AACMM, and machine tool error mapping

Software compensation of geometrical errors is a standard
practice to improve the accuracy of CMMs  and high-accuracy
numerically controlled machine tools. The 21 parametric errors
associated with the three linear axes and any additional errors asso-
ciated with rotational axes are typically individually mapped. This
is a labor intensive and time consuming process. As mentioned
in Section 3.4, laser trackers in multilateration mode have been
used to map  geometrical errors in CMMs  [77,81–84] and machine
tools, resulting in significant savings in time and cost. The approach
involves using multiple trackers or a single tracker in sequential
mode, to measure the coordinates of a reflector on the ram at

numerous locations in the work volume. The CMM coordinates are
also recorded at these locations. The different parametric errors
are obtained by mathematically fitting polynomial functions to the
measured data. Fig. 13(a) shows measurements of the reflector
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ig. 13. (a) Estimation of geometrical errors of a CMM  from different tracker position
f  rotary table errors using laser trackers in multilateration mode [Source: Schwenk

rom three tracker positions and the spatial grid of points using a
ingle tracker in sequential mode [77]. Fig. 13(b) shows a schematic
or the measurement of errors associated with a rotary table using

 similar strategy [83]. With the tracker in one of the three stations
I, II, and III), and for each of the four positions (1, 2, 3, and 4) of
he reflector, the rotary table is rotated incrementally through a
ull 360◦ and the distance is recorded for each sampling point. The
ata are then used to calculate the different parametric errors of the
otary table. Laser trackers in multilateration mode have also been
sed to map  the errors of numerically controlled machine tools
85–88] and more recently, to estimate parameters of AACMMs
89].

.3. Reference measurements for the performance evaluation of
ther devices

The laser tracker is often used to provide reference measure-
ents for the performance evaluation of other lower accuracy
etrology devices. Multiple researchers [134–136] have reported

sing laser trackers to calibrate a grid of targets for the performance
valuation of indoor GPS type distributed systems. The targets are
easured with a laser tracker from more than one location. Mue-

aner et al. [134] use bundle adjustment to combine the laser tracker
ata to obtain target coordinates with lower uncertainty, while
ger et al. [136] use simulation to obtain best tracker station pos-
tions for use in multilateration mode. After the target locations are
nown, the coordinates of the same targets are then determined
sing the instrument under test. Point-to-point distances are then
ompared to assess the performance of the instrument under test.

acKinnon et al. [137] and Ferrucci et al. [138] report on a sim-

lar strategy for assessing the performance of large volume laser
canners. Fig. 14 shows a series of kinematic nests mounted on a
orizontal rail. The nest-to-nest distances are calibrated using a

ig. 14. Test setup to evaluate point-to-point distance performance of laser scanners
Source:  Ferrucci et al. [138], Meas Sci Technol. 2014;25, ©IOP Publishing. Reproduced
ith permission. All rights reserved].
rce: Schwenke et al. [77], reproduced with permission from Elsevier], (b) estimation
l. [83], reproduced with permission from Elsevier].

laser tracker. A laser scanner then measures the same nest-to-nest
distance; point-to-point distances are compared to evaluate laser
scanner performance.

5.4. Manufacturing and assembly of aerospace components

The long range, high accuracy and relative ease of use of laser
trackers have long been recognized as compelling aspects for their
adoption in aerospace applications [139,140]. With the publica-
tion of documentary standards such as the ASME B89.4.19 and
the VDI/VDE 2617-10, metrological traceability of laser tracker
measurements are now firmly established, thereby removing any
barriers to their adoption in the shop floor. Laser trackers are now
used in jig and fixture building, part inspection, joining of large
parts for final assembly [141], etc. In typical jig-based assembly,
hard tooling is used to locate large aircraft sub-assemblies that are
indexed to fixtures. Automated alignment systems such as laser
trackers establish soft datum to which aircraft parts are located
during assembly [142]. Fig. 15 shows an aircraft wing on motor-
ized positioner located using laser trackers as it is assembled onto
the fuselage. The significant advantages of such automated align-
ment systems include lower investment in fixed tooling, shorter
lead time for introduction of design variants, reduced labor cost,
improved quality, and flexibility.

5.5. Alignment and measurement

In the area of astronomy, laser trackers are used for aligning opti-
cal components, in the manufacture of aspherics, etc [143–145].
In the testing of antenna properties, laser trackers have been
used to establish a permanent coordinate system for compact
antenna ranges and also to evaluate the surface of parabolic mirrors
[146,147]. In the area of high energy physics, laser trackers are again
used for complex mechanical and optical alignments. Linear and
circular particle accelerators use electric fields to accelerate ions or
charged subatomic particles to high speeds while maintaining well-
defined trajectories. Alignment requirements are generally on the
order of a millimeter over distances ranging from several hundred
meters to several kilometers. Martin [148] provides an overview of
different techniques and instrumentation in the field of accelera-
tor alignment. Wojcik and Lakanen [149] present an overview of
laser trackers applied to survey and alignment problems at Fermi-

lab. The National Ignition Facility (NIF) is a large laser based Inertial
Confinement Fusion (ICF) device where beam and target alignment
must be performed to very tight specifications. Kalantar et al. [150]
survey alignment needs for the NIF.
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Fig. 15. Aircraft component assembly using automated positioning and alignm

. Conclusions

Since the publication of the seminal work by Lau et al. [1,2], a
ignificant amount of research and development has resulted in
he evolution of the laser tracker from a tool intended for robot

etrology into a highly accurate dimensional metrology tool now
idely accepted and in fact, preferred, in a variety of applications

ncluding manufacturing, assembly, alignment, etc. In this paper,
e have reviewed literature pertaining to laser trackers as applied

o dimensional metrology, covering their design, operation, perfor-
ance evaluation, measurement uncertainty, and applications.
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